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Abstrat
The eigenvalue problem for Dira operators, onstruted from two on-
netions on the spinor bundle over losed spaelike 2-surfaes, is investi-
gated. A lass of divergene free vetor elds, built from the eigenspinors,
are found, whih, for the lowest eigenvalue, reprodue the rotation Killing
vetors of metri spheres, and provide rotation BMS vetor elds at fu-
ture null innity. This makes it possible to introdue a well dened, gauge
invariant spatial angular momentum at null innity, whih redues to the
standard expression in stationary spaetimes. The general formula for the
angular momentum ux arried away be the gravitational radiation is also
derived.
1 Introdution
Angular momentum is one of the basi onserved quantities in physis, and in
general relativity there is, indeed, a well dened notion of total (ADM) angular
momentum of an isolated system `measured' at spatial innity. On the other
hand, if we are interested in the angular momentum arried away by the gravi-
tational radiation, then we should be able to dene total angular momentum at
future null innity, too. Unfortunately, however, there is no generally aepted
notion of angular momentum at null innity of a radiative spaetime. (For a
review of lassial results see [1℄, and for the reent ones see e.g. [2, 3, 4, 5, 6, 7℄.)
Another diulty is that even if we have an ambiguity-free notion of angular
momentum, it is not guaranteed that the angular momenta measured at dier-
ent retarded times (i.e. when they are assoiated with dierent uts of future
null innity) an be ompared, and hene there is no unambiguous way of om-
puting the angular momentum radiated away in a given time interval by the
loalized soure (see e.g. [1, 6℄).
The situation at the quasi-loal level (i.e. when we are onsidering only
subsystems of the whole universe, or, mathematially, we intend to assoiate
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physial quantities with losed spaelike 2-surfaes S) is even worse, beause we
do not have even the asymptoti (BMS) symmetries. The best that we an do is
to try to systematially `quasi-loalize' the anonial analysis of GR. Although
this program is not yet ompleted, the rst few steps towards the quasi-loal
anonial GR have been made [8℄, yielding a lass of well dened, 2+2 ovariant,
gauge invariant observables O[Na]. These are based on divergene free vetor
elds Na that are tangent to the 2-surfae S. Unfortunately, however, without
additional restrition on the vetor elds these observables reet properties of
the 2-surfae as a submanifold in the spaetime, rather than the properties of
the gravitational `eld' itself: O[Na] may be non-zero for 2-surfaes even in
Minkowski spaetime. Thus to obtain physially interesting observables in the
form of O[Na], new ideas are needed how to hoose the vetor elds Na.
On the other hand, and remarkably enough, the requirement of the niteness
of O[Na] at spatial innity of asymptotially at spaetimes already restrits
the asymptoti struture of Na suh that the orresponding observable will
be just the familiar spatial (ADM) angular momentum. Similarly, at future
null innity of a stationary asymptotially at spaetime O[Na] reprodues the
standard angular momentum expression. Nevertheless, in radiative spaetimes
at future null innity O[Na] is still ambiguous. Thus to obtain a well-dened
notion of angular momentum at future null innity a more detailed presription
of the divergene-free vetor elds should be given.
A potentially viable onstrution might be based on the reent idea of ap-
proximate Killing vetors on topologial 2-spheres [9℄. These are the divergene-
free vetor elds that solve a variational problem, whose ation is built form the
norm of the Killing operator. Sine these vetor elds are divergene free by
onstrution, they an be used in O[Na] to get well-dened, gauge invariant
observables.
Another promising approah of onstruting suh observables ould be based
on the spetral analysis of the Laplae, or of the Dira operators on losed spae-
like 2-surfaes. Clearly, the eigenvalues of these operators are gauge invariant,
and they should reet, maybe in a rather impliit way, the geometrial proper-
ties of the surfae. (For example, the mass and angular momentum parameters
an be reovered from the eigenvalues of the Laplaian on the event horizon of
a KerrNewman blak hole [10℄.) Indeed, in Riemannian geometry mathemati-
ians already proved the existene of sharp lower bounds to the rst eigenvalue
of the Dira operator in terms of the salar urvature [11, 12, 13, 14℄ or the
volume [15, 14, 16℄. Similar results exist for hypersurfae Dira operators when
the lower bounds are given in terms of the urvature of the intrinsi geometry
and the extrinsi urvature [17℄.
In the present paper we also investigate the eigenvalue problem of the Dira
operators. However, instead of the eigenvalues, we onentrate on the (almost
always) overlooked eigenspinors. A further dierene between the former and
the present investigations is that the base manifold on whih the Dira oper-
ators are dened is not simply a two-dimensional Riemannian manifold, but a
spaelike 2-surfae in a general Lorentzian spaetime. Moreover, the two Dira
operators that we study here are built from both the intrinsi and extrinsi ge-
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ometrial objets of the surfae. This yields a number of oneptual diulties
(e.g. no natural onstant Hermitian metri exists on the spinor bundle), and
hene we an dene the eigenvalue problem only for the spaetime (rather than
the 2-surfae) Dira spinors. Moreover, in lak of any natural Hermitian metri
the reality of the eigenvalues is not guaranteed. Nevertheless, we show how the
NesterWitten integral an be used to give riteria for the reality of the eigen-
values. We onstrut three divergene-free vetor elds from the eigenspinors.
In partiular, we show that on round spheres with radius r two of these vetor
elds, built from the eigenspinors with the lowest eigenvalue of one of the two
Dira operators, are proportional to the 1/r times, and the third to the 1/r2
times the rotation Killing vetors of the metri sphere.
Based on this observation we show that on the large spheres u = const,
r = const in a Bondi type oordinate system near the future null innity in
an asymptotially at spaetime the divergene-free vetor elds analogous to
the rst two above determine the rotation BMS vetor elds tangent to the ut
u = const of I +. As we already mentioned, we expet that the gravitational
energy-momentum and angular momentum be onneted with the Hamiltonian
formulation of Einstein's theory, i.e. these observables are expeted to be the
value of the orret Hamiltonian of the theory with appropriately hosen gen-
erators. Thus it seems natural to dene the angular momentum at the future
null innity by the observable O[Na] in whih the vetor elds Na are hosen to
be the divergene-free vetor elds built from the eigenspinors with the lowest
eigenvalue of the Dira operator. This strategy gives two observables: the rst
an be interpreted as spatial angular momentum. This is gauge invariant, free
of ambiguities, and trivially redues to the standard expressions in the station-
ary and in the axi-symmetri spaetimes. Moreover, there is a natural way of
omparing the angular momentum measured at dierent retarded times, and
hene we an ompute the angular momentum ux arried away by the grav-
itational radiation. The other observable is a non-negative expression of the
magneti part of the asymptoti shear, and it is vanishing preisely when the
shear is purely eletri. Sine the shear is known to be purely eletri in station-
ary spaetimes, this is a measure of dynamis of the gravitational `eld' near
the future null innity. Its signiane is, however, not yet lear. Remarkably
enough, though the two BMS vetor elds are dierent, they dene the same
pair of observables.
The organization of the paper follows the logi of the results above: in the
seond setion we reall the basi notions, disuss the general aspets of the
eigenvalue problem for the Dira operator that is based on a Sen-type deriva-
tive operator, onstrut the divergene-free vetor elds and disuss the reality
properties of the eigenvalues. Setion 3 is devoted to the disussion of the spe-
ial properties of another Dira operator, whih is a redution of the previous
one and is built only from the intrinsi geometry and the onnetion 1-form of
the normal bundle of the 2-surfae. The related non-existene result for the
onstant positive denite Hermitian salar produt in given in the appendix.
Then, in setion 4, we apply these ideas to round spheres, where we alulate
the spetrum of the Dira operators and onstrut the divergene-free vetor
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elds expliitly. Setion 5 is devoted to the analogous alulations on large
spheres near the future null innity in asymptotially at spaetimes. We also
alulate the orresponding angular momentum and angular momentum ux as
well.
The signature of gab is (+,−,−,−), the urvature and Rii tensors and the
urvature salar are dened by RabcdX
b := −(∇c∇d−∇d∇c)Xa, Rbd := Rabad
and R := Rabg
ab
, respetively. Then Einstein's equations take the form Gab =
−8piGTab, where G is Newton's gravitational onstant.
2 The ∆AA′-Dira operator
2.1 Generalities
Let S
A(S) denote the bundle of 2-omponent (i.e. Weyl) spinors over the losed,
orientable spaelike 2-surfae S in the spae and time orientable spaetime,
and we denote the omplex onjugate bundle by S¯A
′
(S). From the spaetime
struture two metris are inherited: the sympleti εAB and the symmetri γAB.
The former is just the spinor form of the spaetime metri, gab = εABεA′B′ , while
the latter is built from the timelike and spaelike unit normals of S, tAA′ and
vAA
′
, respetively, as γAB := 2t
AA′vBA′ . These normals dene the projetion
Πab := δ
a
b − tatb + vavb to the 2-surfae, by means of whih the restrition to
S of the spaetime tangent bundle deomposes in a unique way to the gab-
orthogonal diret sum of the tangent bundle TS and the normal bundle NS.
Though the atual normals ta and va are not uniquely determined, both the
projetion Πab and the spinor γ
A
B are well dened. This γ
A
B denes a hirality
on the spinor bundle SA(S). Thus the spinor bundle is endowed in a natural
way by the sympleti metri and the hirality, and in this ase the elements of
(SA(S), εAB , γAB) are alled 2-surfae spinors.
On the spinor bundle, two onnetions an be introdued in a natural way,
and the orresponding derivative operators will be denoted by δe and ∆e, re-
spetively. The rst is built from the intrinsi 2-metri and the onnetion
1-form Ae := Π
f
e (∇f ta)va on the normal bundle of S, while the other on-
tains the spinor form QAeB of the extrinsi urvature tensor Q
a
eb of S too,
where QAeB =
1
2Π
f
e (∇fγAE)γEB. This QAEE′B has the reality property
QAAE′B = Q¯
A′
A′BE′ , expressing the hypersurfae orthogonality of the two
null normals of S (or, in other words, the reality of the two individual on-
vergenes ρ and ρ′ orresponding to the outgoing and inoming null normals,
respetively). The ation of the ovariant derivative ∆e is given expliitly by
∆eλ
A = δeλ
A +QAeBλ
B
. This is nothing but the projetion to S of the spae-
time Levi-Civita ovariant derivative: ∆a := Π
b
a∇b. Both ∆e and δe annihilate
εAB, but γAB is annihilated only by δe. The urvatures f
A
Bcd and F
A
Bcd
orresponding to δe and ∆e, respetively, are given by
4
fABcd = − i
4
fγABεcd, (2.1)
FABcd = f
A
Bcd −
(
δcQ
A
dB − δdQAcB +QAcEQEdB −QAdEQEcB
)
; (2.2)
where f := fabcd
1
2 (ε
ab − i⊥εab)εcd = R − 2iεabδaAb, the salar urvature of
the urvature fabcd of the derivative δe on the Lorentzian vetor bundle over S.
Here R is the salar urvature of the intrinsi geometry of S, and εab and ⊥εab
are the volume 2-forms on the tangent and normal 2-spaes of S, respetively.
(For the details see [18, 5℄.)
The ∆AA′-Dira operator on S is dened in the deomposition of ∆A′AλB in
its unprimed indies to its anti-symmetri and γAB-trae-free symmetri parts:
The former, ∆A′Aλ
A
, gives the Dira operator, while the latter the 2-surfae
twistor operator of Penrose. (The γAB trae gives essentially the Dira operator
too: γAB∆A′AλB = γ¯A′
B′∆B′Bλ
B
.) The square of the ∆AA′ -Dira operator is
∆A
A′∆A′
BλB = −1
2
∆e∆
eλA − εA
′B′εBCQe[ab]∆
eλC −
− 1
2
εA
′B′εBCFCDAA′BB′λ
D. (2.3)
Taking into aount (2.1)-(2.2) and that the anti-symmetri part of the extrinsi
urvature tensor is 2Qe[ab] = −(εA′B′QAEE′B + εABQ¯A′EE′B′), we nd that
− 2∆AA
′
∆A′
BλB = ∆e∆
eλA +
1
4
fλA − 2QAeB∆eλB −
−εA′B′
(
δAA′Q
B
BB′C − δBB′QBAA′C +
+ QBAA′EQ
E
BB′C −QBBB′EQEAA′C
)
λC . (2.4)
This equation is analogous to the Lihnerowiz identity [19℄: the square of the
Dira operator is expressed in terms of the Laplaian and the urvature, but
here ∆e∆
e
is not the intrinsi Laplaian and the rst derivative of the spinor
eld also appears on the right.
An analogous analysis an be arried out with the δAA′ -Dira operator too,
but all the results an be reovered from those for the ∆AA′-Dira operator by
the formal substitution QAeB = 0 too. In partiular, the identity (2.4) redues
to
− 2δAA
′
δA′
BλB = δeδ
eλA +
1
4
fλA. (2.5)
Note that, stritly speaking, this is still not the Lihnerowiz identity, beause
δAA′ is not only an intrinsi derivative operator: it ontains extrinsi quantities
in the form of Ae as well, while the Dira operator in the genuine Lihnerowiz
identity is built exlusively from the intrinsi geometry of S.
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2.2 The eigenvalue problem for the 2-surfae Dira oper-
ators
If we had a naturally dened Hermitian metri GAA′ on S
A(S) by means of
whih the bundles SA(S) and S¯A′(S) ould be identied (i.e. the primed indies
ould be onverted to unprimed ones), then the eigenvalue equation for the
δAA′-Dira operator ould be dened as
iGA
A′δA′
BλB = − α√
2
λA. (2.6)
(The hoie for the apparently ad ho oeient −1/√2 in front of the eigen-
value α yields the ompatibility both with the subsequent more general analysis
and the known standard results in speial ases.) However, it is desirable that,
in addition, suh a Hermitian metri be ompatible with the onnetion in the
sense that δeGAA′ = 0. Nevertheless, in the appendix we show that the exis-
tene of suh a Hermitian metri is equivalent to the vanishing of the holonomy
of δe on the normal bundle (and, in partiular, its urvature, Im f , must be
zero). Therefore, on a general 2-surfae in a general, urved spaetime we do
not have any suh natural Hermitian struture on SA(S). Thus to motivate how
the eigenvalue problem should be dened for the δAA′ (or, more generally, for
the ∆AA′)-Dira operator, let us onsider the eigenvalue problem for the spae-
time Dira (rather than the Weyl) spinors, where the primed and unprimed
indies are treated on equal footing.
Reall that a Dira spinor Ψα is a pair of Weyl spinors λA and µ¯A
′
, written
them as a olumn vetor
Ψα =
(
λA
µ¯A
′
)
(2.7)
and adopting the onvention α = A⊕A′, β = B ⊕B′ et. Its derivative ∆eΨα
is the olumn vetor onsisting of ∆eλ
A
and ∆eµ¯
A′
. If Dira's γ-`matries' are
denoted by γαeβ , then one an onsider the eigenvalue problem
iγαeβ∆
eΨβ = αΨα. (2.8)
Expliitly, with the representation
γαeβ =
√
2
(
0 εE′B′δ
A
E
εEBδ
A′
E′ 0
)
(2.9)
(see e.g. [20℄, pp 221), this is just the pair of equations
i∆A′
AλA = − α√
2
µ¯A′ , i∆A
A′ µ¯A′ = − α√
2
λA. (2.10)
By (2.10) Ψα = (λA, µ¯A
′
) (as a olumn vetor) is a Dira eigenspinor with
eigenvalue α preisely when (λA,−µ¯A′) is a Dira eigenspinor with eigenvalue
−α. In the language of Dira spinors this is formulated in terms of the hirality,
represented by the so-alled `γ5-matrix', denoted here by
6
ηαβ :=
1
4!
εabcdγαaµγ
µ
bνγ
ν
cργ
ρ
dβ = i
(
δAB 0
0 −δA′B′
)
(2.11)
(see appendix II. of [6℄). Sine this is anti-ommuting with γαeβ , from (2.8) we
obtain that iγαeµ∆
e(ηµβΨ
β) = −α(ηαβΨβ). Thus if Ψα is a Dira eigenspinor
with eigenvalue α, then, in fat, ηαβΨ
β
is a Dira eigenspinor with eigenvalue
−α.
On the other hand, the Dira eigenspinors with denite hirality belong to
the kernel of the Dira operator. Indeed, Dira spinors with denite hiral-
ity have the struture either (λA, 0) or (0, µ¯A
′
), whih, by (2.10), yield that
∆A′Aλ
A = 0 or ∆AA′ µ¯
A′ = 0, respetively. Therefore, this notion of hirality
annot be used to deompose the spae of the eigenspinors with given eigen-
value. Its role is simply to take a Dira eigenspinor with eigenvalue α to a Dira
eigenspinor with eigenvalue −α.
The equations of (2.10) imply that
−∆AA
′
∆A′
BλB =
1
2
α2λA, −∆A′A∆AB
′
µ¯B′ =
1
2
α2µ¯A′ . (2.12)
Thus if Ψα = (λA, µ¯A
′
) is a Dira eigenspinor with eigenvalue α, then its
Weyl spinor parts λA and µ¯A′ are eigenspinors of the seond order operator
−2∆AA′∆A′B and −2∆A′A∆AB′ , respetively, with the same eigenvalue α2.
Conversely, if λA is a Weyl eigenspinor of −2∆AA′∆A′B with non-zero eigen-
value α2, then Ψα±, built from λ
A
and µ¯A
′
:= ∓(√2/α)i∆A′AλA, are Dira
eigenspinors with eigenvalue ±α, respetively, for whih ηαβΨβ± = iΨα∓. There-
fore, there is a natural isomorphism between the spae Wα2 of the Weyl eigen-
spinors of −2∆AA′∆A′B with eigenvalue α2 and the diret sum Dα ⊕ D−α,
where Dα is the spae of the Dira eigenspinors of ∆e with eigenvalue α. The
hirality operator ηαβ maps D±α to D∓α. For zero eigenvalue, α = 0, the Weyl
eigenspinors dene the kernel of the ∆AA′-Dira operator, whih, apart from
exeptional 2-surfaes, is empty (see e.g. [18, 2℄). Thus for generi 2-surfaes,
the eigenvalues of the ∆AA′ -Dira operator are nonzero.
Finally, let us translate the general equations into the language of the GHP
formalism [21, 20℄. Thus let us x a normalized spinor dyad {oA, ιA} adapted
to the 2-surfae S (i.e. the omplex null vetors ma := oAι¯A′ and m¯a := ιAo¯A′
are tangent to S). Then the GHP form of the ∆AA′ -Dira operator and the
square of the ∆AA′ -Dira operator are
o¯A
′
∆A′
AλA = ð
′λ0 + ρλ1, (2.13)
−ι¯A′∆A′AλA = ðλ1 + ρ′λ0, (2.14)
oA∆A
A′∆A′
BλB = ðð
′λ0 +
(
ðρ
)
λ1 − ρρ′λ0, (2.15)
ιA∆A
A′∆A′
BλB = ð
′
ðλ1 +
(
ð
′ρ′
)
λ0 − ρρ′λ1. (2.16)
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Here we dened the spinor omponents by the onventions λ0 := λAo
A
and
λ1 := λAι
A
; ð and ð
′
are the standard edth operators and ρ and ρ′ are the
standard GHP onvergenes orresponding to the outgoing and inoming null
normals oAo¯A
′
and ιAι¯A
′
of S, respetively. The dimension of the kernel of the
edth operators depends on the genus of the 2-surfae S [22℄: let p be any real
number. Then on topologial 2-spheres dimker ð(p,p+n) = dimker ð
′
(p+n,p) = 0
for any n ∈ N, while dimker ð(p+n,p) = dim kerð′(p,p+n) = 1 + n for any n =
0, 1, 2, .... On tori dim kerð(p,p+n) = dim kerð
′
(p,p+n) = 1 for any integer n. On
surfaes with genus g ≥ 2 one has dimker ð(p,p+n) = dim kerð′(p+n,p) = 0 if
−n ∈ N, it is 1 if n = 0, it is g−1 if n = 1, it is g if n = 2 and it is (n−1)(g−1)
if n > 2.
2.3 Speial vetor elds built from the eigenspinors
The Weyl eigenspinors dene several ∆e-divergene-free omplex Lorentzian
vetor elds on S. In fat, let λA and µ¯A′ be the unprimed and primed Weyl
spinor parts of a Dira eigenspinor Ψα, respetively. Then ontrating the rst
equation of (2.10) with µ¯A
′
and the seond equation of (2.10) with λA, and
adding them together we obtain
∆AA′(λ
Aµ¯A
′
) = 0; (2.17)
i.e. Ka := λAµ¯A
′
is a ∆e-divergene-free omplex vetor eld on S. Similarly,
the ontration of the rst equation of (2.10) with λ¯A
′
gives λ¯A
′
∆A′Aλ
A =
− i√
2
αΦ¯, and the ontration of the seond equation of (2.10) with µA gives
µA∆AA′ µ¯
A′ = i√
2
αΦ, where Φ := λAµA. These imply that
∆AA′
(
λAλ¯A
′)
=
i√
2
(
α¯Φ− αΦ¯), ∆AA′(µAµ¯A′) = i√
2
(
αΦ− α¯Φ¯);
and hene, for any a, b ∈ C, that
∆AA′
(
aλAλ¯A
′
+ bµAµ¯A
′
)
=
i√
2
((
aα¯+ bα
)
Φ− (aα+ bα¯)Φ¯). (2.18)
Therefore, the real vetor eld Za± := λ
Aλ¯A
′ ± µAµ¯A′ is ∆e-divergene free for
purely imaginary/real eigenvalue α.
These vetor elds an be reovered as speial ases of Ve := Φαγ
α
eβΨ
β
, built
from the Dira eigenspinors Φα and Ψα. In fat, if
iγαeβ∆
eΨβ = αΨα, iγαeβ∆
eΦβ = βΦα,
then i∆e(Φαγ
α
eβΨ
β) = (α − β)ΦαΨα. Therefore, if Φα = (φA, ω¯A′) and Ψα =
(λA, µ¯A
′
) are eigenspinors with the same eigenvalue, say α, then the vetor eld
Ve := Φαγ
α
eβΨ
β = −√2(λE ω¯E′+φEµ¯E′) is∆e-divergene free. In partiular, (1)
8
if Φα = Ψα, then V
e = −2√2λEµ¯E′ = −2√2Ke; (2) if Φ+α = Ψα (i.e. ωA = λA
and φA = µA), and hene Ψ
α
is an eigenspinor with the eigenvalue −α¯ too and
α is imaginary, then V e = −√2(λE λ¯E′ +µEµ¯E′) = −√2Ze+; (3) if Φ+αηαβ = Ψβ
(i.e. iωA = λA and iφA = µA), and hene Ψ
α
is an eigenspinor with the
eigenvalue α¯ too and α is real, then V e = −i√2(λE λ¯E′ − µEµ¯E′) = −i√2Ze−.
Another lass of speial vetor elds an be onstruted purely from the un-
primed Weyl spinor parts of one or two Dira eigenspinors and their derivatives.
Next we onsider these. Contrating the identity (2.4) with an arbitrary spinor
eld φA, using the relationship between the two derivative operators ∆EE′ and
δEE′ and the reality property Q
A
AE′B = Q¯
A′
A′BE′ , a straightforward alula-
tion gives
−2φA∆AA
′
∆A′
BλB = φ
A∆e∆
eλA +
1
4
fφAλA − 2QAeBφA∆eλB −
−(∆eQAeB)φAλB + 2(∆AA′QDDA′B)λAφB + 1
2
λAφAQBeDQ
BeD.
Interhanging the spinor elds λA and φA, adding the resulting formula to the
old one and using φA∆e∆
eλA = ∆e(φ
A∆eλA)− (∆eφA)(∆eλA), we obtain the
geometri identity
δe
(
φAδeλA + λ
AδeφA
)
= ∆e
(
φA∆eλA + λ
A∆eφA − 2QAeBλAφB
)
=
= − 2
(
φA∆A
A′∆A′
BλB + λ
A∆A
A′∆A′
BφB
)
−
− 2(∆AA′QDDA′B)
(
λAφB + φAλB
)
. (2.19)
If the last term vanishes, e.g. when ∆(A
A′QB)A′D
D = 0 holds, and if there is a
funtion α : S → C suh that
−∆AA
′
∆A′
BλB =
1
2
α2λA, −∆AA
′
∆A′
BφB =
1
2
α2φA, (2.20)
then the vetor eld
ξe := φAδeλA + λ
AδeφA (2.21)
is δe (and, in fat, ∆e)-divergene free. Therefore, in partiular when λA and
φA are Weyl eigenspinors with the same eigenvalue (e.g. if φA = λA), then in
the speial ase ∆(A
A′QB)A′D
D = 0 the (in general omplex) tangent vetor
eld ξe is divergene free on S (both with respet to δe and ∆e). Sine in the
GHP formalism ∆(A
A′QB)A′D
D = (ð′ρ′)oAoB − (ðρ)ιAιB, the vanishing of this
term is equivalent to ðρ = 0, ð′ρ = 0, ðρ′ = 0 and ð′ρ′ = 0; i.e. the onvergenes
are onstant on S.
ξe an be generalized to be ΦαδeΨα+Ψ
αδeΦα, whih is δe-divergene free if
Φα and Ψα are Dira eigenspinors with the same eigenvalue and ∆(A
A′QB)A′D
D
= 0.
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2.4 The reality of the eigenvalues
The ∆e-divergene of Z
a
− vanishes if it is built from eigenspinors with real eigen-
value. Thus we should nd some riteria of the reality of the eigenvalues. The
usual proof of the reality of the eigenvalues is based on the existene of a positive
denite Hermitian metri ompatible with the onnetion underlying the Dira
operator. However, in the light of the non-existene result even for the δe-Dira
operator (see the appendix), the ondition of this reality should be searhed
for following a dierent strategy. First, one might be tempted to dene the
eigenvalue problem (2.10) with the additional requirement that µA = cλA for
some omplex onstant c. (In the language of Dira spinors a spinor Ψα with
µA = λA is alled a Majorana spinor.) However, by (2.10) this would imply that
|c| = 1 and α¯ = −α, and hene that all the eigenvalues of −∆AA′∆A′B would
be non-positive. We will see that this annot be the ase: for round spheres
the eigenvalues of −∆AA′∆A′B, maybe apart from nitely many of them, are
all positive.
Another strategy is to introdue a global Hermitian salar produt diretly
on the spae C∞(S, SA) of all smooth spinor elds on S, without trying to link
this with any pointwise Hermitian salar produt GAA′ . This is based on the
integral of the NesterWitten 2-form built from the Weyl spinors [23℄. For any
pair (λA, ωA) of spinor elds it an be rewritten in the form [24℄
H
[
λA, ω¯A′
]
=
1
4piG
∮
S
γ¯A
′B′ ω¯A′∆B′
BλBdS. (2.22)
It is a straightforward alulation to show that it is Hermitian in the sense
that H [λA, ω¯A′ ] = H [ωA, λ¯A′ ], where overline denotes omplex onjugation. In
partiular, H [λA, λ¯A′ ] is always real, but in general it may be negative or zero
even for non-vanishing spinor elds. Then with the substitution ω¯A′ := ∆A′
BpiB
we obtain
H
[
∆AB
′ p¯iB′ , λ¯A′
]
= H
[
λA,∆A′
BpiB
]
=
1
4piG
∮
S
γ¯A
′B′
(
∆A′
ApiA
)(
∆B′
BλB
)
dS
= H
[
piA,∆A′
BλB
]
; (2.23)
i.e. the ∆AA′-Dira operator is ompatible with the Hermitian salar produt.
This implies that
H
[
∆A
B′∆B′
BσB , λ¯A′
]
= H
[
σA,∆A′
B∆B
B′ λ¯B′
]
(2.24)
for any pair (σA, λA) of spinor elds; i.e. ∆A
A′∆A′
B
is formally self-adjoint
with respet to H .
It might be worth noting that originally the NesterWitten integral was
introdued as a Hermitian quadrati form on the spae of Dira spinor elds
[25, 26℄, and, with the representation Ψα = (λA, µ¯A
′
), this an be written as
H [λA, λ¯A′ ]−H [µA, µ¯A′ ]. A natural extension of (2.22) as a Hermitian bilinear
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form to Dira spinors (and of the original NesterWitten integral too) is the
integral of
i√
2
Φαγ
α
eβε
ef∆fΨ
β =
(
γ¯A
′B′ ω¯A′∆B′
BλB − γABφA∆BB
′
µ¯B′
)
for any pair of Dira spinors Ψα = (λA, µ¯A
′
) and Φα = (φA, ω¯A
′
). In fat,
(
Ψα,Φα
) 7→ H[Ψα,Φ+α ] : = 14piG
∮
S
i√
2
Φ+αγ
α
eβε
ef∆fΨ
βdS =
=H
[
λA, φ¯A′
]−H[ωA, µ¯A′]
is Hermitian, and redues to (2.22) if at least one of Ψα and Φα has denite
ηαβ-hirality (e.g. when ω
A = 0 or µA = 0). Interestingly enough, if the Dira
spinors have denite, but opposite ηαβ-hirality, e.g. when φ
A = 0 and µA = 0,
then they are orthogonal to eah other: H [Ψα,Φ
+
α ] = 0.
Returning to the haraterization of the reality of the eigenvalues of the
Dira operators, suppose that λA satises (2.12). Then (2.24) implies that
α2H [λA, λ¯A′ ] = α¯
2H [λA, λ¯A′ ], i.e. α is real or purely imaginary provided H [λA,
λ¯A′ ] 6= 0. The reality of α an be haraterized by the H-norm of the eigen-
spinors. Indeed, for λA and µA satisfying (2.10) with non-zero α, (2.22) gives
α¯H
[
λA, λ¯A′
]
= −αH[µA, µ¯A′].
This implies that H [λA, λ¯A′ ] = ±H [µA, µ¯A′ ], and, for H [λA, λ¯A′ ] 6= 0, we
obtain that α is real i H [λA, λ¯A′ ] = −H [µA, µ¯A′ ], and α is purely imagi-
nary i H [λA, λ¯A′ ] = H [µA, µ¯A′ ]. In subsetion 4.1 we give examples both
for real and purely imaginary eigenvalues. α an be a more general om-
plex number only if H [λA, λ¯A′ ] = 0, i.e. when
∮
S γ
ABλAµBdS = 0. If σA
is an eigenspinor of −2∆AB′∆B′B with eigenvalue β2, then (2.24) gives that
(β2 − α¯2)H [σA, λ¯A′ ] = 0; i.e. the eigenspinors of −2∆AB′∆B′B with eigenval-
ues α2 and β2, satisfying α¯ 6= ±β, are orthogonal to eah other with respet to
H .
3 The δAA′Dira operator
Sine S is even dimensional, there is a notion of hirality in the spae of surfae
spinors too, whih hirality remains intat even if the gauge group SO(2) is
enlarged to SO(2) × SO(1, 1) by inluding the boost gauge transformations in
the normal bundle of S. This hirality is represented by the spinor γAB (thus we
all it the `γ-hirality'), and is preserved by δe but not by ∆e. (For the details
see [18, 5℄.) Thus it seems useful to disuss the onsequenes of the existene of
the γ-hirality in the ase of the δAA′Dira operator.
The δAA′ -Dira operator an be obtained from the ∆AA′Dira operator
with the formal substitution QAeB = 0; and in this ase the eigenvalue problem
(2.10) redues to
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iδA′
AλA = − α√
2
µ¯A′ , iδA
A′ µ¯A′ = − α√
2
λA. (3.1)
It is easy to show (using e.g. the seond order equation −2δAA′δA′BλB = α2λA)
that this notion of eigenspinors oinides with that dened by (2.6) if a onstant
Hermitian metri GAA′ exists on the spinor bundle. In this ase µ¯A′ = GA′Aλ
A
.
Realling that δeγ
A
B = 0, γ
A
Bγ
B
C = δ
A
C and that γ
A
B γ¯
A′
B′ ats on vetors
tangent to S as −δab , it is easy to verify that
γ¯A′
B′
(
δB′
BλB
)
= δA′
A
(
γA
BλB
)
, γA
B
(
δB
B′δB′
CλB
)
= δA
A′δA′
B
(
γB
CλC
)
.
(3.2)
Thus the δAA′-Dira operator ommutes with the ation of the γ-spinor as a
base point preserving bundle map. In partiular, if λA is a Weyl eigenspinor of
−2δAA′δA′B with eigenvalue α2, then γABλB is also a Weyl eigenspinor with
the same eigenvalue. This implies that both λA±γABλB are Weyl eigenspinors
with the same eigenvalue α2, but they have denite γ-hirality. In the GHP
spinor dyad {oA, ιA} the right/left handed Weyl eigenspinors of −2δAA′δA′B
have the struture −λ0ιA and λ1oA, respetively, where, by (2.15)-(2.16), the
spinor omponents satisfy
− 2ðð′λ0 = α2λ0, −2ð′ðλ1 = α2λ1. (3.3)
Thus the γ-hirality an be used to deompose the spae of the eigenspinors
further. Sine, however, γAB is annihilated only by δe but not by ∆e in general,
this deomposition is possible only for the δAA′-Dira operators. Using the list
of the dimension of the kernel of the edth operators, by (3.3) we an determine
the number of the (e.g. right handed) eigenspinors of −2δAA′δA′B with zero
eigenvalue: on topologial 2-spheres there are no suh eigenspinors, on tori
there are two, while on higher genus (g > 1) surfaes there are 2(g − 1) ones.
Clearly, there is a natural one-to-one orrespondene between the eigen-
spinors λA of −2δAA′δA′B with eigenvalue α2 and the eigenspinors (λA, µ¯A′)
of (3.1). Moreover, if λA has denite hirality, e.g. if γA
BλB = ±λA, then
µA has the same denite hirality: γA
BµB = ±µA. Thus the natural one-to-
one orrespondene above preserves the γ-hirality as well, and the spae of
the eigenspinors splits in a natural way to the diret sum of the spaes of the
right/left handed eigenspinors.
By the analysis of subsetion 2.3, the Weyl eigenspinors dene a olletion of
δe-divergene-free omplex vetor elds on S. Indeed, taking into aount that
δe ommutes with the projetion Π
a
b , the omplex vetor eld k
a := Πabλ
Bµ¯B
′
,
tangent to S, is δe-divergene free on S. Similarly, za± := Πab (λBλ¯B
′ ± µBµ¯B′)
is δe-divergene free on S for purely imaginary/real eigenvalue α. The vetor
elds ka and za± are vanishing for eigenspinors with denite hirality, beause
then the null vetors λAµ¯A
′
, λAλ¯A
′
and µAµ¯A
′
are all orthogonal to S.
Similarly, the formal substitution QAEE′B = 0 in (2.19) yields that ξ
e =
φAδeλA + λ
AδeφA is a δe-divergene-free omplex tangent vetor eld on S if
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−2δAA′δA′BλB = α2λA and −2δAA′δA′BφB = α2φA hold for some funtion α :
S → C, e.g. when λA and φA are Weyl eigenspinors with the same eigenvalue.
If λA and φA have the same, denite hirality, then the vetor eld ξ
a
itself is
vanishing.
The analysis of subsetion 2.4 an be repeated to obtain riteria for the
reality of the eigenvalue α. The only dierene is that the Hermitian salar
produt on C∞(S, SA) should be dened by
h
[
λA, ω¯A′
]
:=
1
4piG
∮
S
γ¯A
′B′ω¯A′δB′
BλBdS. (3.4)
Then, for h[λA, λ¯A′ ] 6= 0, the non-zero α is real i h[λA, λ¯A′ ] = −h[µA, µ¯A′ ]; and
it is purely imaginary i h[λA, λ¯A′ ] = h[µA, µ¯A′ ]. However, for eigenspinors with
denite hirality the norm h[λA, λ¯A′ ] is always zero, and hene the orrespond-
ing eigenvalue may in priniple be a (not neessarily real or purely imaginary)
omplex number.
4 On round spheres
4.1 The spetrum
Let S be a round sphere of radius r; i.e. S is a transitivity surfae of the
rotation group in a spherially symmetri spaetime, whose radius is dened by
4pir2 := Area(S). Then the onnetion in the normal bundle is at, and by an
appropriate boost gauge hoie ρ, ρ′ = const an be ahieved. To solve (2.11),
it ould be a good strategy to solve (3.3) rst, and return to (2.11) later. We
expand the spinor omponents λ0 and λ1 in terms of the spin weighted spherial
harmonis:
λ0 =
∞∑
j= 1
2
j∑
m=−j
cj,m0 1
2
Yjm, λ1 =
∞∑
j= 1
2
j∑
m=−j
cj,m1 − 1
2
Yjm, (4.1)
where j = 12 ,
3
2 ,
5
2 , ... and m = −j,−j + 1, ..., j; and cj,m0 and cj,m1 are omplex
onstants. Sine (see. e.g. [20℄)
ð sYjm = − 1√
2r
√(
j + s+ 1
)(
j − s) s+1Yjm, (4.2)
ð
′
sYjm =
1√
2r
√(
j − s+ 1)(j + s) s−1Yjm, (4.3)
the eigenvalue equations (3.3) redue to
∑
j,m
cj,m0
(
α2− 1
r2
(
j +
1
2
)2)
1
2
Yjm = 0,
∑
j,m
cj,m1
(
α2− 1
r2
(
j+
1
2
)2)
− 1
2
Yjm = 0.
(4.4)
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Beause of the ompleteness of the spherial harmonis these imply that the
eigenvalues α2 are disrete:
α2 =
n2
r2
, n := j +
1
2
∈ N, (4.5)
and that, for a given allowed α and the orresponding j,
λ0 =
j∑
m=−j
cm0 1
2
Yjm, λ1 =
j∑
m=−j
cm1 − 1
2
Yjm (4.6)
for some omplex onstants cm0 and c
m
1 . Thus the spae of the right/left handed
Weyl eigenspinors is spanned by cm0 and c
m
1 , respetively, and hene the di-
mension of these spaes is 2j + 1 = 2n. Then the eigenvalues an also be
expressed by the (onstant) salar urvature R of the intrinsi geometry of S as
α2 = n2 12R. Therefore, the rst eigenvalue already ontains all the information
about (i.e. the only observable of) the geometry of S. The eigenvalues of the
δAA′-Dira operator are α = ±n/r, and the omponents of the orresponding
primed Weyl spinor are µ¯0′ = ∓i
∑
m c
m
0 − 1
2
Yjm and µ¯1′ = ∓i
∑
m c
m
1 1
2
Yjm. We
note that for round spheres δe-onstant Hermitian metris GAA′ do exist, and
the present partiular results an be ompared with the general ones obtained
in pure Riemannian geometry: the spetrum (4.5) saturates the inequalities of
[11, 12, 13, 15, 14, 16℄.
By (2.15)-(2.16) the eigenvalue problem for the operators −2∆AA′∆A′B and
∆A′
A
an be solved in an analogous way. The struture of the unprimed Weyl
spinor part of the eigenspinors is similar to that given by (4.6). The only
dierene is that the primedWeyl spinor part hange slightly and the eigenvalues
are shifted by a term built from the onvergenes:
α2 =
1
r2
(
n2 + 2r2ρρ′
)
, n := j +
1
2
∈ N. (4.7)
In ontrast to (4.5) this an be zero or even negative in ertain speial geome-
tries. For example, in spaetimes with onstant urvature the two onvergenes
an be hosen to be ρ = − 1
r
√
1− 13Λr2 and ρ′ = 12r
√
1− 13Λr2, Λ ∈ R, and
hene 1 + 2r2ρρ′ = 13Λr
2
. In Minkowski spaetime (Λ = 0) α2 is zero, while in
the anti-de Sitter spaetime (Λ < 0) it is negative (i.e. α is purely imaginary) for
n = 1. (For a more general disussion of the kernel of the ∆AA′ -Dira operator
on round spheres, see [2℄.) Remarkably enough, by (4.7) the rst eigenvalue is
onneted with the Hawking quasi-loal mass: α21 = 2GEH(S)/r3. Therefore,
the rst two eigenvalues of −2∆AA′∆A′B, or the rst eigenvalue of −2δAA′δA′B
and of −2∆AA′∆A′B give the only two non-trivial gauge invariant observables
of the 2-surfae in spaetime, namely the salar urvature R and the length 8ρρ′
of the mean urvature vetor, or, in other ombination, the area of the surfae
and the Hawking energy.
The omponents of the primed Weyl spinor part µ¯A′ of the eigenspinors of
the ∆e-Dira operator an be alulated easily from (2.10). Sine, however, in
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the present paper primarily we are interested in the δe-divergene free vetor
elds, we do not need them in what follows.
4.2 The divergene free vetor elds
For given j the δe-divergene free vetor eld k
a = Πabλ
Bµ¯B
′
takes the form
ka = ±i
(∑
k,m
ck0c
m
1 − 1
2
Yjk− 1
2
Yjm
)
ma ± i
(∑
k,m
ck0c
m
1 1
2
Yjk 1
2
Yjm
)
m¯a,
where ma = 1√
2r
(1 + ζζ¯)( ∂
∂ζ¯
)a. In partiular, for j = 12 the expliit form of this
vetor eld in the standard omplex stereographi oordinates (ζ, ζ¯) is
± ka = − i
2pi
1
1 + ζζ¯
(
c
1
2
0 c
1
2
1 −
(
c
1
2
0 c
− 1
2
1 + c
− 1
2
0 c
1
2
1
)
ζ¯ + c
− 1
2
0 c
− 1
2
1 ζ¯
2
)
ma −
− i
2pi
1
1 + ζζ¯
(
c
1
2
0 c
1
2
1 ζ
2 +
(
c
1
2
0 c
− 1
2
1 + c
− 1
2
0 c
1
2
1
)
ζ + c
− 1
2
0 c
− 1
2
1
)
m¯a. (4.8)
Sine there are no harmoni forms on spheres, by the Hodge deomposition the-
orem the divergene-free rka an always be written as εabδbF for some funtion
F : S → C. A short alulation yields that this is indeed the ase with
F = ∓ r
2
√
2pi
c
− 1
2
0 c
− 1
2
1 ζ¯ − c
1
2
0 c
1
2
1 ζ +
(
c
1
2
0 c
− 1
2
1 + c
− 1
2
0 c
1
2
1
)
ζζ¯
1 + ζζ¯
, (4.9)
where the irrelevant onstant of integration has been hosen to be zero. ka (and
hene the funtion F also) is real preisely when
c
− 1
2
0 c
− 1
2
1 = a+ ib, c
1
2
0 c
1
2
1 = −a+ ib, c
1
2
0 c
− 1
2
1 + c
− 1
2
0 c
1
2
1 = 2c (4.10)
for some real onstants a, b and c. If we write c
1
2
0 c
− 1
2
1 =: c+ d+ ie for some real
d and e, and hene c
− 1
2
0 c
1
2
1 = c − d − ie, then −(a2 + b2) = (c
1
2
0 c
1
2
1 )(c
− 1
2
0 c
− 1
2
1 ) =
(c
1
2
0 c
− 1
2
1 )(c
− 1
2
0 c
1
2
1 ) = c
2 − d2 + e2 − i2ed. Sine its left hand side is nonpositive,
the right hand side must also be real and nonpositive, implying that e = 0, and
hene that d2 = a2 + b2 + c2.
Sine S is two dimensional, in the ase of real F the level sets F = const are
preisely the integral urves of the vetor eld ka, and F is given expliitly by
F = ∓ r
2
√
2pi
a
(
ζ + ζ¯
)
+ ib
(
ζ¯ − ζ)+ 2cζζ¯
1 + ζζ¯
= const∓ r√
2pi
(
ax+ by+ cz
)
. (4.11)
(Here x, y and z are the standard Cartesian oordinates dened by x + iy :=
2rζ/(1 + ζζ¯) and z := r(ζζ¯ − 1)/((1 + ζζ¯).) However, the orresponding level
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sets are just the integral urves of the Killing vetors of the metri 2-sphere. In
fat, in these oordinates the standard rotation Killing 1-forms are
K23a =
i√
2
r
1 + ζζ¯
((
1− ζ¯2)ma − (1− ζ2)m¯a
)
,
K31a =
1√
2
r
1 + ζζ¯
((
1 + ζ¯2
)
ma +
(
1 + ζ2
)
m¯a
)
, (4.12)
K12a =
ir
√
2
1 + ζζ¯
(
ζ¯ma − ζm¯a
)
.
Comparing these with (4.8), we nd that
rka = ± 1
2
√
2pi
((
c
− 1
2
0 c
− 1
2
1 − c
1
2
0 c
1
2
1
)
K23a − i
(
c
1
2
0 c
1
2
1 + c
− 1
2
0 c
− 1
2
1
)
K31a +
+
(
c
1
2
0 c
− 1
2
1 + c
− 1
2
0 c
1
2
1
)
K12a
)
; (4.13)
i.e. on round spheres of radius r the δe-divergene free vetor eld k
a
built
from the j = 12 eigenspinors is 1/r-times a omplex ombination of the rotation
Killing vetors.
By a similar analysis one an determine the vetor elds ka for all j > 12 . In
partiular, for j = 32 there are preisely ten suh omplex independent vetor
elds. The funtions F orresponding to the independent real vetor elds rka
are ubi expressions of the Cartesian oordinates x, y and z, divided by r, e.g.
(x3−3xy2)/r, xyz/r, ... et. However, their signiane and geometri meaning
are still not quite lear.
Sine the eigenvalues α2 are real, the vetor elds za− are δe divergene free.
Repeating the analysis above, a diret alulation shows that for j = 12 these
vetor elds have the form
1
r
(AK23a +BK
31
a +CK
12
a ) for some real onstantsA, B
and C; i.e. for j = 12 the vetor eld rz
a
− is a real linear ombination of the three
rotation Killing vetors. For j = 12 the vetor eld ξ
a
is also proportional to the
rotation Killing vetor elds. Sine, however, ξa is built from the rst derivative
of the Weyl spinor parts of the eigenspinor, it sales with a dierent power of the
radius: ξa =
1
r2
(AK23a + BK
31
a + CK
12
a ) with appropriate (omplex) onstants
A, B and C. We ontinue the disussion of ka and za− in a more general ontext
in subsetions 5.3.1 and 5.3.2, respetively.
5 On large spheres near the null innity
5.1 Asymptotially at spaetimes
Let the spaetime be asymptotially at at future null innity, and let (u, r, ζ, ζ¯)
be a Bondi-type oordinate system (see e.g. [27℄). Then the standard edth
operators, ating on (p, q) type salar f , take the form ðf = P (∂f/∂ζ¯) +
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Q(∂f/∂ζ) − pβf + qβ¯′f and ð′f = P (∂f/∂ζ) + Q¯(∂f/∂ζ¯) + pβ′f − qβ¯f , re-
spetively. (For the denition of the GHP spin oeients see [21, 20℄.) The
GHP spin frame is hosen suh that oA is parallelly propagated along the null
geodesi generators of the null hypersurfaes u = const, and ιA is hosen suh
that ma := oAι¯A
′
and m¯a := ιAo¯A
′
be tangents to the spaelike 2-surfaes
u = const, r = const. In this ase β¯′ = β − τ . In these oordinates and
spin frame in an EinsteinMaxwell spaetime the asymptoti form of the fun-
tions P and Q and some of the spin oeients that we need are well known
[28℄ to be given by P = 1
r
√
2
(1 + ζζ¯) +O(r−3), Q = − 1
r2
√
2
(1 + ζζ¯)σ0 +O(r−4),
β = − 1
r2
√
2
ζ− 1
r22
√
2
ζ¯σ0+O(r−3) and τ = 1
r2 0ð
′σ0− 1
r3
(2σ00ðσ¯
0+ψ01)+O(r
−4).
Here 0ð and 0ð
′
denote the edth operators on the metri, unit sphere, σ0 is the
asymptoti shear (i.e. σ = 1
r2
σ0 +O(r−4)), the dot denotes dierentiation with
respet to u, and ψ01 , ψ
0
2 are the leading terms in the asymptoti expansion
of the Weyl spinor omponents Ψ1 and Ψ2, respetively (see e.g. [27, 6℄). In
addition, the Weyl spinor omponents satisfy
ψ˙01 = 0ðψ
0
2 − 2σ00ð ˙¯σ0 + 4Gϕ01ϕ¯02, (5.1)
ψ˙02 = −0ð2 ˙¯σ02 − σ0 ¨¯σ0 + 2Gϕ02ϕ¯02, (5.2)
ψ02 − ψ¯02 = 0ð′2σ0 − 0ð2σ¯0 + σ¯0σ˙0 − ˙¯σ0σ0. (5.3)
Here ϕ0n are the leading terms in the asymptoti expansion of the Maxwell spinor
omponents: ϕn = r
n−3ϕ0n+O(r
n−4). We will use these formulae in subsetion
5.4.3.
5.2 The eigenvalue problem on large spheres
In the Bondi type oordinate system the spaelike 2-surfaes u = const, r =
const for large enough r are alled large spheres (and will be denoted by Sr), and
our aim is to solve the eigenvalue problem (3.3) on these surfaes asymptotially.
To do so, let us write the omponents λA of the spinor eld λA in the GHP
spin frame εAA := {oA, ιA}, A = 0, 1, as λA =: λ(0)A + 1rλ
(1)
A + ... and, similarly,
we expand the eigenvalue as r2α2 =: α2(0) +
1
r
α2(1) + .... (Thus we adopt the
onvention that an index between parentheses, e.g. 0 or 1 here, is referring to
the order of approximation.) Then substituting all these into equation (3.3) we
obtain
2 0ð 0ð
′λ(0)0 + α
2
(0)λ
(0)
0 = 0 (5.4)
2 0ð 0ð
′λ(1)0 + α
2
(0)λ
(1)
0 = −α2(1)λ(0)0 + 20ð′
(
σ0 0ð
′λ(0)0
)
+ 20ð
2
(
σ¯0λ
(0)
0
)
(5.5)
and
2 0ð
′
0ðλ
(0)
1 + α
2
(0)λ
(0)
1 = 0 (5.6)
2 0ð
′
0ðλ
(1)
1 + α
2
(0)λ
(1)
1 = −α2(1)λ(0)1 + 20ð′
(
σ0 0ð
′λ(0)1
)
+ 2σ¯0 0ð
2λ
(0)
1 . (5.7)
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The zeroth order equations (5.4) and (5.6) are just the eigenvalue equations
(3.3) on the unit sphere. Thus in the zeroth order the eigenvalues are α2(0) = n
2
,
n := j + 12 ∈ N, and the omponents λ
(0)
0 and λ
(0)
1 of the eigenspinors are given
expliitly by (4.6), where in general the expansion oeients are still arbitrary
funtions of the retarded time oordinate u. Sine the struture of the left hand
side of equation (5.5) is similar to the homogeneous (5.4), and that of (5.7) to
the homogeneous (5.6), the general solution of the homogeneous equations an
be added to the rst order orretions λ
(1)
0 and λ
(1)
1 , yielding an ambiguity in
the order O(r−1).
Next let us alulate the rst-order orretion to the zeroth-order expression
of the rst eigenvalue, α2(0) = 1, and the orresponding eigenspinors. Sine
λ
(0)
0 = (0)c
1
2
0 1
2
Y 1
2
1
2
+ (0)c
− 1
2
0 1
2
Y 1
2
− 1
2
and λ
(0)
1 = (0)c
1
2
1 − 1
2
Y 1
2
1
2
+ (0)c
− 1
2
1 − 1
2
Y 1
2
− 1
2
,
where the oeients (0)c
m
A are funtions of u, one has 0ðλ
(0)
0 = 0, 0ð
′λ(0)1 = 0,
0ð
′2λ(0)0 = 0, 0ð
2λ
(0)
1 = 0, and 0ð0ð
′λ(0)0 = − 12λ
(0)
0 , 0ð
′
0ðλ
(0)
1 = − 12λ
(0)
1 . Using
these the equations (5.5) and (5.7), respetively, redue to
2 0ð 0ð
′λ(1)0 + λ
(1)
0 = −α2(1)λ(0)0 + 2
(
0ð
′σ0
)(
0ð
′λ(0)0
)
+ 2
(
0ð
2σ¯0
)
λ
(0)
0 , (5.8)
2 0ð
′
0ðλ
(1)
1 + λ
(1)
1 = −α2(1)λ(0)1 . (5.9)
To solve (5.9) let us write λ
(1)
1 =:
∑
j,m (1)c
jm
1 − 1
2
Yjm with arbitrary funtions
(1)c
jm
1 = (1)c
jm
1 (u). We obtain that α(1) = 0 (i.e. in partiular the rst eigen-
value is real in the rst two orders), and all the expansion oeients (1)c
jm
1
must be zero for j ≥ 32 . Hene λ
(1)
1 is a ombination only of the two − 12 spin
weighted spherial harmonis − 1
2
Y 1
2
± 1
2
, i.e. the orretion to λ
(0)
1 has the stru-
ture similar to that of λ
(0)
1 itself. Thus λ
(1)
1 , as the rst-order orretion to the
zeroth-order eigenspinor, represents only a pure (gauge) ambiguity.
To solve (5.8) let us observe that the operator ð ating on salars with pos-
itive spin weight on topologial 2-spheres is surjetive (see e.g. [20, 22℄). Thus
the asymptoti shear σ0 an always be derived from an appropriate omplex
salar S of spin weight zero (indeed, of type (1, 1)): σ0 = 0ð
2S, where the am-
biguities in S are the elements of ker 0ð
2
, and, on any given surfae u = const,
they form a four omplex dimensional spae. Then taking into aount α(1) = 0
and the ommutator (0ð0ð
′ − 0ð′0ð)f = − 12 (p − q)f ating on the (p, q) type
salar f , (5.8) an be written into the form
0ð
′
(
0ðλ
(1)
0 − 0ð2
(
S − S¯)(0ð′λ(0)0 )− (0ð′0ð2S¯)λ(0)0
)
= 0. (5.10)
However, dimker ð′ = 0 for positive spin weight salars on topologial 2-spheres,
and hene the expression between the big parentheses itself is zero. Nevertheless,
using the ommutator of 0ð and 0ð
′
above, this expression an also be rewritten
as a pure 0ð-derivative, and hene we have
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0ð
(
λ
(1)
0 − 0ð
(
S − S¯)(0ð′λ(0)0 )− 12
(
S + S¯
)
λ
(0)
0 −
(
0ð0ð
′S¯
)
λ
(0)
0
)
= 0. (5.11)
Finally, sine dimker ð = 2 for ð ating on salars of spin weight 12 on topologial
2-spheres, from (5.11) we an dedue that
λ
(1)
0 = 0ð
(
S − S¯)(0ð′λ(0)0 )+ (0ð0ð′S¯ + 12
(
S + S¯
))
λ
(0)
0 + λ, (5.12)
where λ is an arbitrary spin weight 12 solution of 0ðλ = 0. Thus, for j =
1
2 ,
equations (5.4)(5.7) an be solved expliitly in terms of the omplex potential
S for the asymptoti shear σ0.
The ambiguities in (5.12), oming from the ambiguity of the potential S (i.e.
formally from the non-triviality of the kernel of 0ð
2
ating on zero spin weight
salars) and the ambiguity of the solution of the inhomogeneous equation (5.5)
(i.e. from the non-triviality of the kernel of 0ð ating on
1
2 spin weight salars),
an be summarized as
λ
(1)
0 7→ λ(1)0 +
1
2∑
m=− 1
2
(1)c
m
0 1
2
Y 1
2
m, (5.13)
where (1)c
± 1
2
0 are arbitrary omplex funtions of u. Here we used the expansion
of the produts of spin weighted spherial harmonis of the form 0Y1M 1
2
Y 1
2
m
and 1Y1M − 1
2
Y 1
2
m in terms of 1
2
Y 1
2
m and 1
2
Y 3
2
m′ , whih an easily be derived
by diret alulation from the expliit expression of the harmonis given e.g.
in [29℄. Though in these expansions the spherial harmonis
1
2
Y 3
2
m do appear,
all these are aneled from (5.12). Thus the ambiguities in S desribed by the
0Y1m spherial harmonis are all aneled from the eigenspinors. The remaining
salar ambiguity in S yields an ambiguity in λ
(1)
0 similar to that oming from the
solutions of the homogeneous equation. Hene all these an be parameterized
only by two (rather than the originally expeted six) omplex funtions of u.
Although there is no anonial isomorphism between the spaes of the eigen-
spinors on two dierent surfaes even if these spaes an be mapped to eah
other isomorphially, in the asymptotially at ontext we an introdue a nat-
ural equivalene between the spae of the eigenspinors on the large spheres, say
S ′ and S ′′, at dierent retarded times u = u′ and u = u′′. Namely, we require
that the zeroth-order solutions be independent of the retarded time oordinate u,
i.e. we hoose the expansion oeients (0)c
m
A onstant. (It is easy to see that
this requirement an be extended to the ase when the uts of I + that the large
spheres dene, say Sˆ ′ and Sˆ ′′, are related to eah other only by a proper BMS su-
pertranslation. The basis of this equivalene is the fat that (1) the spinor bases
are uniquely determined on the large spheres S ′ and S ′′ suh that these bases
are related via the spinor onstituent of the null geodesi generators of I
+
;
(2) the oordinates (ζ′, ζ¯′) on S ′ determine (ζ′′, ζ¯′′) on S ′′ uniquely via the null
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geodesi generators of I +; (3) in these bases and oordinates the zeroth-order
solutions (λ′(0)0 , λ
′(0)
1 ) on S ′ and (λ′′(0)0 , λ′′(0)1 ) on S ′′ have the same struture if
we expand them in terms of the spin weighted spherial harmonis. Then we
identify (λ′(0)0 , λ
′(0)
1 ) with (λ
′′(0)
0 , λ
′′(0)
1 ) preisely when their spinor omponents
are ombined from the spin weighted spherial harmonis by the same omplex
oeients. This ondition is analogous to a hoie of a onformal gauge on
I +. Then an eigenspinor λ′A on S ′ will be alled equivalent to the eigenspinor
λ′′A on S ′′ if their zeroth-order parts are the same in the sense above.)
Though this ondition does not rule out the u-dependene of the rst order
orretion terms λ
(1)
A , this makes the whole solution onsiderably more rigid,
and essentially their u-dependene is already ontrolled: all of their ambiguities
with arbitrary u-dependene have the form
1
2∑
m=− 1
2
(1)c
m
0 (u) 1
2
Y 1
2
m,
1
2∑
m=− 1
2
(1)c
m
1 (u)− 1
2
Y 1
2
m, (5.14)
i.e. they belong to the kernel of 0ð and 0ð
′
, respetively, while the u-dependene
of the remaining u-dependent parts (of λ
(1)
0 , see (5.12)) omes only from the u-
dependene of the asymptoti shear. Thus the role of the equivalene is to
provide a ommon, universal (i.e. ut-independent) parameter spae, namely
the spae of the zeroth order solutions, by means of whih the solutions (up
to the ambiguities (5.14)) an be parameterized. As we will see in subsetions
5.4.1 and 5.4.2, the general expression of our 2-surfae observable is not sensitive
to this ambiguity, and this makes it possible to be able to ompare angular
momenta dened at dierent retarded times in subsetion 5.4.3.
5.3 The δ
e
divergene free vetor elds for j = 1
2
From λ
(0)
A and λ
(1)
A we an ompute the omponents of µ¯A′ using (3.1) and the
asymptoti form of the edth operators. For the eigenvalue α(0) = ±1 we have
µ¯0′ = ∓i
√
2
(
0ð
′λ(0)0 +
1
r
0ð
′λ(1)0 −
1
r
(
0ðσ¯
0
)
λ
(0)
0
)
, (5.15)
µ¯1′ = ±i
√
2
(
0ðλ
(0)
1 +
1
r
0ðλ
(1)
1
)
, (5.16)
and in the next two subsetions we disuss the δedivergene-free vetor elds
ka and za− built from λA and µ¯A′ .
5.3.1 The vetor eld ka
For the vetor eld ka we obtain
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± ka = i
r
√
2
(
0ð
′(λ(0)0 λ(0)1 )mˆa − 0ð(λ(0)0 λ(0)1 ) ¯ˆma
)
+
+
i
r2
√
2
( [
λ
(1)
1
(
0ð
′λ(0)0
)
+ λ
(0)
1
(
0ð
′λ(1)0
)− λ(0)0 λ(0)1 0ðσ¯0
]
mˆa −
−
[
λ
(1)
0
(
0ðλ
(0)
1
)
+ λ
(0)
0
(
0ðλ
(1)
1
)]
¯ˆma
)
+O
(
r−3
)
, (5.17)
where mˆa := 1√
2
(1 + ζζ¯)(∂/∂ζ¯)a, the omplex null vetor on the unit sphere,
normalized with respet to the unit sphere metri. Sine rka is divergene free,
it an always be written as the dual of the gradient of some funtion F :
rka = εabδbF = −i
(
mað′F − m¯aðF
)
=
=
i
r2
((
0ðF
)− 1
r
σ0
(
0ð
′F
))
¯ˆma − i
r2
((
0ð
′F
)− 1
r
σ¯0
(
0ðF
))
mˆa. (5.18)
Writing the funtion F as F =: r2F (−2) + rF (−1) +O(1) and omparing (5.17)
with (5.18) we obtain a system of partial dierential equations for F (−2) and
F (−1). Their integrability ondition is satised by (5.12), and the solution is
F (−2) = ∓
√
2λ
(0)
0 λ
(0)
1 , (5.19)
F (−1) = ∓
√
2
{(
0ðS
)
0ð
′(λ(0)0 λ(0)1 )+ (0ð′S¯)0ð(λ(0)0 λ(0)1 )−
− 1
2
(
S + S¯
)
0ð
′
0ð
(
λ
(0)
0 λ
(0)
1
)
+
1
2
(
S − S¯)(λ(0)0 λ(0)1 + 0ð′0ð(λ(0)0 λ(0)1 )
)
+
+ λ
(0)
0 λ
(1)
1 + λλ
(0)
1
}
, (5.20)
where the irrelevant onstants of integration have been hosen to be zero. Apart
from the last two (ambiguous) terms in (5.20) (whih have the struture of
F (−2)) all the terms are proportional to λ(0)0 λ
(0)
1 , whih is essentially F
(−2)
.
Although r2F (−2) has been given expliitly by (4.9), here we give another, and,
from the points of view of later appliations, a more useful expression.
Let us dene the real (essentially the 0Y1m spherial harmoni) funtions
t1 =
ζ + ζ¯
1 + ζζ¯
, t2 = i
ζ¯ − ζ
1 + ζζ¯
, t3 =
ζζ¯ − 1
1 + ζζ¯
, (5.21)
and introdue the oeients
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R1 :=
1
4
√
2pi
(
(0)c
− 1
2
0 (0)c
− 1
2
1 − (0)c
1
2
0 (0)c
1
2
1
)
=
1
2
√
2pi
a, (5.22)
R2 := − i
4
√
2pi
(
(0)c
− 1
2
0 (0)c
− 1
2
1 + (0)c
1
2
0 (0)c
1
2
1
)
=
1
2
√
2pi
b, (5.23)
R3 :=
1
4
√
2pi
(
(0)c
1
2
0 (0)c
− 1
2
1 + (0)c
− 1
2
0 (0)c
1
2
1
)
=
1
2
√
2pi
c, (5.24)
R0 :=
1
4
√
2pi
(
(0)c
1
2
0 (0)c
− 1
2
1 − (0)c−
1
2
0 (0)c
1
2
1
)
=
1
2
√
2pi
d; (5.25)
whih are onstant by our requirement imposed at the end of the previous
subsetion. Here the seond equalities hold if the reality ondition (4.10) is
imposed, and hene d is determined up to sign by the parameters in Ri, i =
1, 2, 3, as d2 = a2 + b2 + c2, i.e. formally (R0, Ri) is a real null vetor with
respet to the onstant Lorentzian metri. Then a simple alulation gives
λ
(0)
0 λ
(0)
1 =
√
2
(
R0 +Rit
i
)
, (5.26)
yielding a parameterization of F (−2) and F (−1) in terms of Ri and R0:
F (−2) = ∓ 2
(
R0 +Rit
i
)
, (5.27)
F (−1) = ∓ 2
((
0ðS
)(
0ð
′ti
)
+
(
0ð
′S¯
)(
0ðt
i
)
+
1
2
(
S + S¯
)
ti
)
Ri ∓
∓ (S − S¯)R0 ∓ 2(G0 +Giti), (5.28)
where the last term of (5.28) omes from the last two ambiguous terms of (5.20)
for some (in general omplex) funtions G0 and Gi of u. Introduing the new
notation K ia :=
1
2ε
i
jkK
jk
a for the Killing elds of the metri sphere of radius r
and dening the antisymmetri matrixMij by Ri =:
1
2εi
jkMjk, the leading-order
term in rka an in fat be written as K
ij
aMij = −2RiK ia, as it ould be expeted
by (4.13). (Here raising and lowering of the boldfae indies are dened by the
negative denite onstant metri ηij := −δij.) The vetor eld rka itself is
∓ rka = 2i
(
¯ˆma
(
0ðt
i
)− mˆa(0ð′ti)
)
Ri +
+
i
r
(
¯ˆma
[
2
(
0ð0ð
′S¯
)(
0ðt
i
)
+ 0ð
(
S¯ − S)ti + (S + S¯)(0ðti)
]
−
− mˆa
[
2
(
0ð
′
0ðS
)(
0ð
′ti
)
+ 0ð
′(S − S¯)ti + (S + S¯)(0ð′ti)
])
Ri +
+
i
r
(
¯ˆma0ð
(
S − S¯)+ mˆa0ð′(S¯ − S)
)
R0 +
+
2i
r
(
¯ˆma
(
0ðt
i
)− mˆa(0ð′ti)
)
Gi +O]
(
r−2
)
. (5.29)
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One an see that the oeients of Ri are real, but the oeient of R0 is imag-
inary. Consequently, in a general radiative spaetime (i.e. when the potential
S for the asymptoti shear annot be hosen to be real) the reality of the whole
ka annot be ensured, even if Ri and Gi are hosen to be real. Indeed, the
vanishing of R0 is equivalent to d = 0, whih would imply a = b = c = 0, too.
Next reall that if ξ1 := −(1 − ζ2), ξ2 := −i(1 + ζ2) and ξ3 := −2ζ, then the
general BMS vetor eld has the form
Kˆa =
(
H +
(
ci + c¯i
)
tiu
)( ∂
∂u
)a
+ ciξ
i
( ∂
∂ζ
)a
+ c¯iξ¯
i
( ∂
∂ζ¯
)a
=
=
(
H +
(
ci + c¯i
)
tiu
)( ∂
∂u
)a − 2c¯i(0ð′ti)mˆa − 2ci(0ðti) ¯ˆma, (5.30)
where H = H(ζ, ζ¯) is an arbitrary real funtion and ci are omplex onstants.
This is a rotation BMS vetor eld tangent to the u = const ut if H = 0 and
the onstants ci are purely imaginary ci = iRi. Therefore, taking the real part of
rka, we have three independent real divergene free vetor elds that are rotation
BMS elds at the future null innity, and, onversely, every rotation BMS vetor
eld determines a vetor eld rka. Thus in the asymptotially at ontext the
role of the eigenvalue equation for the lowest eigenvalue is the unique extension of
the BMS rotation vetor elds o the future null innity into a neighbourhood
of the future null innity. In addition, taking the imaginary part of rka we
have one divergene free vetor eld that is asymptotially vanishing as 1/r.
However, the parameterization of the latter is xed by those of the real part of
rka. All the ambiguities in rka (inluding the addition of `gauge solutions') an
be written as rka 7→ rka + 1rG′iK ia for some free (in general omplex) funtions
G′i of u.
5.3.2 The vetor eld za−
Sine the vetor eld za− is real, the funtion F = r
2F (−2) + rF (−1) +O(1), for
whih rza− = ε
abδbF , an also be hosen to be real. Following the strategy of the
previous subsetion we an determine the expliit form of the omponents of za−
in terms of the omponents of the spinor elds λA and µ¯A′ , and omparing them
with the dening equation for F , we obtain a system of dierential equations for
F (−2) and F (−1). Apart from the gauge terms, the solution will be an expression
of
λ
(0)
1
(
0ðλ¯
(0)
0′
)− λ(0)0 (0ð′λ¯(0)1′ ) = R0 + iRiti, (5.31)
where now the onstants R0 and Ri are real and are given by
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R0 := − 1
4
√
2pi
(
(0)c
− 1
2
1 (0)c¯
− 1
2
0 + (0)c¯
1
2
1 (0)c
1
2
0 + (0)c¯
− 1
2
1 (0)c
− 1
2
0 + (0)c
1
2
1 (0)c¯
1
2
0
)
,(5.32)
R1 :=
i
4
√
2pi
(
(0)c¯
1
2
1 (0)c
− 1
2
0 − (0)c
− 1
2
1 (0)c¯
1
2
0 − (0)c
1
2
1 (0)c¯
− 1
2
0 + (0)c¯
− 1
2
1 (0)c
1
2
0
)
,(5.33)
R2 :=
1
4
√
2pi
(
(0)c¯
1
2
1 (0)c
− 1
2
0 − (0)c−
1
2
1 (0)c¯
1
2
0 + (0)c
1
2
1 (0)c¯
− 1
2
0 − (0)c¯−
1
2
1 (0)c
1
2
0
)
,(5.34)
R3 :=
i
4
√
2pi
(
(0)c
− 1
2
1 (0)c¯
− 1
2
0 + (0)c¯
1
2
1 (0)c
1
2
0 − (0)c¯−
1
2
1 (0)c
− 1
2
0 − (0)c
1
2
1 (0)c¯
1
2
0
)
.(5.35)
Note that R0 is independent of the Ri, in ontrast to R0 and Ri of (5.22)-(5.25).
In terms of (5.31) the funtions F (−2) and F (−1) take the simple, expliit form
F (−2) = − 2tiRi, (5.36)
F (−1) = − 2
((
0ðS
)(
0ð
′ti
)
+
(
0ð
′S¯
)(
0ðt
i
)
+
1
2
(
S + S¯
)
ti
)
Ri +
+ i
(
S − S¯)R0 − 2tiGi, (5.37)
where the last term represents the ambiguity oming from the gauge solutions
in the eigenspinor omponents λ
(1)
A ; and, for the sake of simpliity, the irrelevant
onstants of integration have been hosen to be zero. Comparing (5.36), (5.37)
with (5.27), (5.28) we see that, apart from onstants and the ± sign, the oef-
ients of Ri oinide, and the imaginary part of (5.28) (i.e. the oeient of
R0) is just the oeient of the independent parameter R0 in (5.37). Therefore,
the orresponding vetor elds oinide: the vetor elds rza− parameterized by
Ri are just the real part of the vetor elds rk
a
, and the asymptotially vanish-
ing vetor eld, parameterized by R0, is just the imaginary part of rk
a
of the
previous subsetion.
5.4 2-surfae observables at I +
5.4.1 The observable O[Na]
In [8℄ we showed that (1) the basi Hamiltonian of vauum general relativity on
a ompat 3-manifold Σ with smooth 2-boundary S is funtionally dierentiable
with respet to the ADM anonial variables if the area 2-form is xed on S,
the lapse funtion is vanishing on S, and the shift vetor Na is tangent to S and
divergene free with respet to the onnetion δe; (2) the evolution equations
preserve these boundary onditions; (3) the basi Hamiltonians form a losed
Poisson algebra H0, in whih the onstraints form an ideal C; (4) the value of
the basi Hamiltonian on the onstraint surfae, given expliitly by the integral
O
[
Na
]
:= − 1
8piG
∮
S
NeAedS, (5.38)
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is a well dened, 2+2 ovariant, gauge invariant observable; and (5) this O pro-
vides a Lie algebra (anti-)homomorphism of the Lie algebra of the δe-divergene-
free vetor elds on S into the quotient Lie algebra H0/C of observables. How-
ever, it should be noted that, independently of the quasi-loal anonial analysis
above, (5.38) already had appeared as a suggestion for the angular momentum
of blak hole horizons [30, 31, 32℄.
We also onsidered the limit of this observable when the 2-surfae S tends
to the spatial or the future null innity. We showed that from the requirement
of the niteness of the limit at spatial innity it follows that Na is neessarily
a ombination of the asymptoti rotation Killing vetors, and hene the orre-
sponding observable is just the familiar expression of spatial angular momentum
there. Unfortunately, however, at null innity the general expression still on-
tains a huge ambiguity. In fat, if the funtion ν dened by Na = εabδbν is
written as ν = r2ν(−2) + rν(−1) +O(1), then the r →∞ limit of O[Na] is nite
preisely when ν(−2) is a linear ombination of the rst four (i.e. j = 0 and 1)
ordinary spherial harmonis. In this ase Na tends to a rotation BMS vetor
eld, and for the observable O[Na], assoiated with a large sphere Sr of radius
r, we obtain
O
[
Na
]
=
i
8piG
∮ ( (
ψ01 + σ
0
0ðσ¯
0
)(
0ð
′ν(−2)
)− (ψ¯01 + σ¯00ð′σ0)(0ðν(−2))+
+ σ0
(
0ð
′2ν(−1)
)− σ¯0(0ð2ν(−1))
)
dS1 +O
(
r−1
)
, (5.39)
where dS1 is the area element on the unit sphere. (In [8℄ ν(−2) and ν(−1)
were denoted by ν(2) and ν(1), respetively.) Though this formula redues to
the standard expression of angular momentum for stationary systems (when
the potential S for the asymptoti shear an be hosen to be real), in general
spaetimes this is still ambiguous unless the funtion ν(−1) has been speied.
Or, in other words, the limit of O[Na] at the null innity depends also on the
way how the vetor eld Na tends to the rotation BMS vetor eld leaving the
ut in question xed. Thus to have a well dened angular momentum expression
in a general, radiative spaetime within the framework dened by the observable
O[Na], a presription for ν(−1) is needed.
5.4.2 Spetral angular momentum and a measure of the magneti
part of the asymptoti shear at I +
The aim of the present subsetion is to use the asymptoti rotation Killing
elds rka and rza− as the vetor eld N
a
and to alulate the r → ∞ limit
of the orresponding observable, hoping to obtain a reasonable denition of
spatial angular momentum even in the presene of outgoing gravitational radi-
ation. One way of doing this might be based on the observation that NaAa =
Nama(β¯−β′)+Nam¯a(β− β¯′) = N01′ τ¯+N10′τ . Substituting the omponents of
the vetor eld and the asymptoti form of the spin oeient τ here, a rather
lengthy alulation gives the desired expression.
25
However, a muh more eonomi method (and we adopt it here) is to use
(5.39) by writing ν = F if Na is rka or rza−. Sine only the seond 0ð and
0ð
′
derivatives of ν(−1) appear in (5.39), all the ambiguities are aneled from
limr→∞O[Na], i.e. the observable limr→∞O[Na] is well dened and does not
depend on the gauge ambiguities of the solution λ
(1)
A . Thus, for the sake of
simpliity, the ambiguous terms in (5.28) and (5.37) an be hosen to be zero:
G0 = 0 and Gi = 0.
To determine the expliit form of the observable limr→∞O[Na], reall that
the funtions ν(−2) and ν(−1) are linear funtions of the parameters Ri and
R0. Therefore, the r →∞ limit of the observables O[rka] and O[rza−] have the
struture
± 1
2
lim
r→∞
O
[
rka
]
=: RiJ
i + iR0M, (5.40)
1
2
lim
r→∞
O
[
rza−
]
=: RiJ
i +R0M, (5.41)
respetively. From the atual form of F (−1) it follows that Ji and M are real.
Realling that the vetor elds rka and rza− tend (or an be hosen to tend)
asymptotially to the ombination −2RiK ia of the rotation Killing elds of the
metri sphere of radius r with real Ri, whih have in fat unique extension to
real BMS vetor elds tangent to the u = const ut of I +, the observable
J
i
may be interpreted as the spatial angular momentum assoiated with the
u = const ut of the future null innity. Remarkably enough, the vetor elds
rka and rza− dene the same observables J
i
and M, i.e. the J
i
's and the M's in
equations (5.40) and (5.41) oinide.
The expliit form of J
i
is
J
i =
i
8piG
∮ { (
ψ01 + 2σ
0
0ðσ¯
0
)(
0ð
′ti
)− (ψ¯01 + 2σ¯00ð′σ0
)(
0ðt
i
)
+
+ σ0
(
0ð
(
0ð
′2S
)(
0ð
′ti
)
+
1
2
(
0ð
′2S
)
ti
)
−
− σ¯0
(
0ð
′(
0ð
2S¯
)(
0ðt
i
)
+
1
2
(
0ð
2S¯
)
ti
)}
dS1. (5.42)
It ould be interesting to note that the rst line gives just the spatial part of
Bramson's angular momentum expression [33℄: in fat, taking into aount that
0ð(σ
0σ¯0)(0ð
′ti) = 0ð(σ0σ¯00ð
′ti) + σ0σ¯0ti, the rst line of the integrand an be
written as the imaginary part of (ψ01 + 2σ
0
0ðσ¯
0 + 0ð(σ
0σ¯0))(0ð
′ti). Therefore,
the whole J
i
an be interpreted as Bramson's angular momentum plus some
`orretion terms' built from the potential S in a gauge invariant way.
Apart from the Weyl spinor omponent ψ01 all the terms of the integrand in
(5.42) an be written into the form of a bilinear expression of the real and the
imaginary parts of the potential S. In fat, a trivial alulation gives that the
terms in the integrand of (5.42) ontaining ti algebraially an be written as
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14
(
0ð
2
(
S + S¯
)
0ð
′2(S − S¯)+ 0ð′2(S + S¯)0ð2(S − S¯)
)
ti;
while the remaining terms ontaining the asymptoti shear as
1
4
{ (
30ð
2
(
S + S¯
)
0ð0ð
′2(S + S¯)− 0ð2(S − S¯)0ð0ð′2(S − S¯)
)(
0ð
′ti
)−
−
(
30ð
′2(S + S¯)0ð′0ð2(S + S¯)− 0ð′2(S − S¯)0ð′0ð2(S − S¯)
)(
0ðt
i
)}
+
+
1
4
{ (
30ð
2
(
S − S¯)0ð0ð′2(S + S¯)− 0ð2(S + S¯)0ð0ð′2(S − S¯)
)(
0ð
′ti
)
+
+
(
30ð
′2(S − S¯)0ð′0ð2(S + S¯)− 0ð′2(S + S¯)0ð′0ð2(S − S¯)
)(
0ðt
i
)}
.(5.43)
However, the rst two lines of (5.43), i.e. the terms quadrati in (S + S¯) and
in (S − S¯), an be written into a total divergene. Indeed, by taking total
derivatives and using the ommutator of the edth operators, for any funtion f
we obtain
(
0ð
2f
)
0ð
(
0ð
′2f
)(
0ð
′ti
)
= 0ð
((
0ðf
)
0ð
(
0ð
′2f
)(
0ð
′ti
)
+
1
2
(
0ð0ð
′f
)2(
0ð
′ti
))
+
+ 0ð
′
((
0ðf
)(
0ð0ð
′f
)
ti − (0ðf)0ð′(0ð2f)(0ð′ti)
)
+
+
((
0ðf
)(
0ð
′f
)− 1
2
(
0ð0ð
′f
)2)
ti,
implying that (0ð
2f)0ð(0ð
′2f)(0ð
′ti) − (0ð′2f)0ð′(0ð2f)(0ðti) is a total diver-
gene. Applying this to f = S + S¯ and to f = S − S¯ in (5.43) we nally obtain
that the rst two lines in (5.43) do, indeed, form a total divergene. This im-
plies, in partiular, that in stationary spaetimes, when S is real (see [34℄), Ji
redues to the standard expression [35℄
i
8piG
∮ (
ψ01
(
0ð
′ti
)− ψ¯01(0ðti)
)
dS1.
We also note that in axi-symmetri spaetime with Killing vetor Ka the ob-
servable O[Ka] on axi-symmetri surfaes is just the Komar expression [8℄. We
all the J
i
given by (5.42) the spetral angular momentum at I +.
The expliit form of the other observable M is
M =
1
16piG
∮ (
2σ0σ¯0 − (0ð′2S¯)(0ð2S¯)− (0ð′2S)(0ð2S)
)
dS1. (5.44)
Clearly, this is real and is vanishing for purely eletri σ0, i.e. when S is
real. However, this is, in fat, non-negative and zero preisely for purely eletri
asymptoti shear; i.e. it denes a measure of the presene of the magneti part
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of the asymptoti shear. To see this, let us rewrite its integrand (by integration
by parts and by using 0ð
2
0ð
′2S = 0ð
′2
0ð
2S) as
(
0ð
2S
)
0ð
′2(S¯ − S)+ (0ð′2S¯)0ð2(S − S¯) ≃
≃ (0ð′20ð2S)(S¯ − S)+ (0ð′2S¯)0ð2(S − S¯) =
=
(
0ð
2
0ð
′2S
)(
S¯ − S)+ (0ð′2S¯)0ð2(S − S¯) ≃
≃
(
0ð
′2(S¯ − S))(0ð2(S − S¯)
)
,
where ≃ means `equal up to total divergenes'. Sine in stationary spaetimes
(and hene in the absene of outgoing gravitational radiation) the asymptoti
shear is always purely eletri [34℄, the non-vanishing of M indiates non-trivial
dynamis of the gravitational eld near the future null innity.
From (5.42) and (5.44) it is lear that both J
i
and M are well dened in
the sense that they depend only on the ut of I +. In partiular, they do not
depend on the hoie of the origin of u, and hene Ji is free of supertranslation
ambiguities. The notion of spetral angular momentum is based on the solution
of a ertain ellipti equation on the ut rather than on the BMS vetor elds.
The latter is used only to interpret J
i
as spatial angular momentum. On the
other hand, sine the vetor eld Ne in the observable O[Ne] must be tangent
to the 2-surfae, in the theoretial framework based on O[Ne] we annot ask
for the eet of (any form of) translations or boosts. Thus the spetral angular
momentum J
i
should probably be interpreted only as the spin part of the (as
yet not known) total relativisti angular momentum.
5.4.3 Comparison of angular momenta on dierent uts
In the previous subsetion, we saw that J
i
is unambiguously assoiated with
any ut of I +. In the present subsetion, we ask how the angular momenta
assoiated with two dierent uts of I +, say Sˆ and ˜ˆS, an be ompared. First
we disuss the theoretial basis of this omparison, and then we derive the
formula for the ux of spetral angular momentum arried away by the outgoing
gravitational radiation in EinsteinMaxwell spaetimes. (The hat over a symbol
is referring to the unphysial spaetime, indiating that that may be ill-dened
in the physial spaetime.)
Mathematially J
i
is an element of the dual of the spae R of the rotation
BMS vetor elds that are tangent to Sˆ. Hene the spetral angular momenta
on the uts Sˆ and ˜ˆS an be ompared only if we an nd a natural isomorphism
I : R → R˜, yielding the identiation of the orresponding dual spaes as
well. Formally, this isomorphism is analogous to that we already disussed in a
nutshell at the end of subsetion 5.2 in a slightly dierent ontext. Thus, let us
x the Bondi onformal gauge on I +, and hene both Sˆ and ˜ˆS inherit the unit
sphere metri, and let nˆa be the future pointing tangent of the null geodesi
generators of I + suh that nˆa = −∇ˆaΩ|I + . The spinor onstituent ιˆA of nˆA
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an be hosen to be onstant along the generators: nˆa∇ˆaιˆB = 0, and x its
phase. Then the spinor ιˆA an be ompleted to a spin frame {oˆA, ιˆA} at the
points of the uts Sˆ and ˜ˆS suh that the omplex null vetors mˆa := oˆA¯ˆιA′ and
¯ˆma := ιˆA ¯ˆoA
′
are tangent to the surfaes. This oˆA is uniquely determined by the
uts, and hene we have a uniquely determined omplex null basis {mˆa, ¯ˆma} on
both Sˆ and ˜ˆS. (If the uts interset eah other, then, of ourse, the spinors oˆA
at the points of intersetion do not oinide unless the uts are tangent to eah
other there.) In addition, if we x a omplex stereographi oordinate system
(ζ, ζ¯) on one of the uts, then by the ondition nˆa∇ˆaζ = 0 this determines a
omplex stereographi oordinate system on the other ut (and, in fat, on the
whole I +) in a unique way. But then, realling the struture (5.30) of the
rotation BMS vetor elds, we have an isomorphism I : R → R˜: the vetor
eld Kˆa0 ∈ R is identied with Kˆa1 ∈ R˜ via I preisely when their omponents
ci oinide. It is this isomorphism by means of whih we identify the dual spaes
R∗ and R˜∗ with eah other, and one an subtrat Ji from J˜i diretly. Thus we
are ready to alulate how J
i
hanges from ut to ut.
Thus let u be the Bondi time oordinate whose origin is hosen to be Sˆ,
introdue the 1-parameter family of uts Sˆu obtained from Sˆ by BMS time
translations along nˆa, denote the spetral angular momentum on Sˆu by Ji(u),
and alulate its derivative with respet to u at u = 0. If, for the sake of
brevity, we write the integrand of J
i
as (ψ01 + F )0ð
′ti − (ψ¯01 + F¯ )0ðti (by using
0ð0ð
′ti = 0ð
′
0ðt
i = −ti), then by (5.1) and (5.3) we nd
J˙
i =
i
8piG
∮ (
4 G
(
ϕ01ϕ¯
0
2
(
0ð
′ti
)− ϕ02ϕ¯01(0ðti))+
+ ti
(
σ¯0σ˙0 + 20ð
′(σ00ð ˙¯σ0)− 0ð′F˙ )−
− ti (σ0 ˙¯σ0 + 20ð(σ¯00ð′σ˙0)− 0ð ˙¯F )
)
dS1. (5.45)
The rst line is just the angular momentum ux arried away by the eletro-
magneti radiation, while the remaining terms an be interpreted as that arried
away by the gravitational waves. In fat, the rst two terms an also be written
as
Φi :=
1
8pi
lim
r→∞
∮
Sr
naTab2i
(
mˆb
(
0ð
′ti
)− ¯ˆmb(0ðti)
)
dSr,
where Tab = 2ϕABϕ¯A′B′ , the energy-momentum tensor of the Maxwell eld.
Realling the form (5.30) of the rotation BMS vetor eld, Φidu is just the an-
gular momentum urrent arried away by the eletromagneti radiation between
the u and u+ du retarded times.
Moreover, reall that by (5.2) the time derivative of the BondiSahs energy-
momentum, P
a := − 14piG
∮
(ψ02 + σ
0 ˙¯σ0)ta dS1, is the integral of − 14piG(σ˙0 ˙¯σ0 +
2Gϕ02ϕ¯
0
2)t
a
, where ta := (1, ti) (see e.g. [34, 27, 6℄). Thus the vanishing of the
outgoing energy ux is equivalent to σ˙0 = 0 and ϕ02 = 0. Clearly, if σ˙
0 = 0,
then the orresponding shear potential is also time independent: S˙ = 0. Then,
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however, equation (5.45) shows, in partiular, that in the absene of outgoing
energy ux the outgoing spetral angular momentum ux is also vanishing. Ob-
viously, every angular momentum expression shares this property whih an be
written as the integral of the imaginary part of (ψ01 + F )0ð
′ti with some gauge
invariant expression F of S and S¯.
Although we ould onsider a more general family of uts obtained from
Sˆ by a general supertranslation along Hnˆa with a general H = H(ζ, ζ¯), but
the resulting formula does not seem to yield muh deeper understanding of
gravitational radiation. Tehnially, the use of suh a more general foliation of
I + yields only that the oˆA spinor of the spin frame adapted to the foliation
undergoes the speial null rotation oˆA 7→ oˆA+(0ðH)ιˆA, and the u-derivatives ψ˙01
and σ˙0 have to be substituted byHψ˙01+3(0ðH)ψ
0
2 andHσ˙
0−0ð2H , respetively.
The ultimate answer whether or not the spetral angular momentum and
the observable M have physial signiane will be given by the pratie. In
partiular, it ould be interesting to see whether or not the inequalities like in
[36, 37℄ an be proven for J
i
too, or whether in the unied model of spatial
and null innity [38℄ the u → −∞ limit of Ji redues to the ADM angular
momentum.
6 Appendix
6.1 Hermitian bre metris on the spinor bundle
Clearly, any Hermitian bre metri GAA′ on S
A(S) an also be onsidered as a
real setion Ga of the (dual) Lorentzian vetor bundle Va(S), dened to be the
pull bak to S of the spaetime otangent bundle T ∗M . This GAA′ is positive
denite (and hene nonsingular) i it is future pointing and timelike in Va(S).
Suh a metri an be speied by four real funtions on S.
Next introdue the inverse GAA
′
of GAA′ by G
AA′GBA′ = δ
A
B. Then from
(εABεA
′B′GBB′)GCA′ =
1
2δ
A
CGeGfg
ef
we see that the inverse GAA
′
is just the
ontravariant form of GAA′ , i.e. G
AA′ = εABεA
′B′GBB′ (or, equivalently,
the sympleti and the Hermitian metris are ompatible in the sense that
εABGAA′GBB′ = εA′B′) i GaGbg
ab = 2. This normalization redues the inde-
pendent omponents of GAA′ to three. However, suh a bre metri an be spe-
ialized further by requiring its ompatibility with the hirality: GAA′γ
A
B γ¯
A′
B′
= GBB′ . Sine γ
A
B γ¯
A′
B′ , as a base-point preserving bundle map Va(S) →
Va(S) ats as identity preisely on setions orthogonal to S (and as minus the
identity preisely on setions tangent to S), this ompatibility is equivalent to
the orthogonality of Ga to S. The independent omponents of suh a metri is
only one. In a xed, normalized GHP spin frame {oA, ιA}, adapted to S, it has
the general form GAA′ = goAo¯A′ + (1/g)ιAι¯A′ , where g is an arbitrary, stritly
positive real funtion on S. Note that for orientable S in a time and spae
orientable spaetime there is no obstrution to the global existene of suh a
GAA′ , beause in this ase the normal bundle of S in the spaetime is globally
trivializable.
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On general 2-surfaes there does not seem to be any natural hoie for suh
a GAA′ , or, equivalently, for suh a g. If, however, the 2-surfae is mean-onvex,
i.e. when the dual mean urvature vetor of S is timelike, then there is suh a
hoie. In fat, the mean urvature vetor Qb := Q
a
ab = −2(ρ′oAo¯A′ + ριA ι¯A′)
and its dual, Q˜b :=
⊥εbaQa = 2(ρ′oAo¯A′ − ριAι¯A′), are globally dened and
orthogonal to S, furthermore |Q|2 := Q˜aQ˜a = −QaQa = −8ρρ′. Then for mean
onvex surfaes either ρ > 0 and ρ′ < 0 or ρ < 0 and ρ′ > 0, and it is natural
to dene GAA′ := ±
√
2Q˜AA′/|Q˜| = ±(ρ′oAo¯A′ − ριAι¯A′)/
√
|ρρ′| with the sign
yielding future pointing Ga.
6.2 Non-existene of onstant Hermitian bre metris
We show that the existene of a positive denite Hermitian metri on the spinor
bundle ompatible with the ovariant derivative operator δe is equivalent to the
triviality of the holonomy of δe on the normal bundle.
Let GAA′ be a Hermitian salar produt on the spinor bundle S
A(S) and
assume that δeGAA′ = 0. Considering this metri to be a Lorentzian vetor eld
on S, the integrability ondition of δeGAA′ = 0 is 0 = (δcδd−δdδc)Gb = Gafabcd.
Contrating this with the area 2-form εcd and taking into aount the expliit
expression for the urvature fabcd given in subsetion 2.1, we obtain(
Rεab − 2εcd
(
δcAd
)⊥εab
)
Gb = 0. (6.1)
This implies that δe admits a onstant setion of the vetor bundle Va(S) only
if δe is at. Restriting Ga to be normal to S we nd in partiular that δe
admits a onstant setion of the normal bundle only if Ae is at. (By (6.1) δe
admits a onstant setion of the tangent bundle only if (S, qab) is at, whih,
by the GaussBonnet theorem, an happen only if S is a torus.) Therefore, the
neessary ondition of the existene of a δe-onstant positive denite Hermitian
metri, being ompatible with γAB , is the atness of the onnetion δe on the
normal bundle. Then, however, the globality of Ga implies that the onnetion
is holonomially trivial too. To see this, onsider a losed urve γ : [0, 1] → S
with the base point p := γ(0) = γ(1), and suppose, on the ontrary, that the
holonomy Hγ : NpS → NpS, as an element of the struture group SO(1, 1),
is dierent from identity. Sine Ga is globally dened on S and onstant with
respet to δe, the holonomy Hγ ats on G
a
p (the value of G
a
at p) as the identity.
Sine the only element of SO(1, 1) leaving the nonzero vetor Ga xed is the
identity, the holonomy Hγ is the identity, and hene the whole holonomy group
at every point p, must be trivial.
Conversely, the triviality of the holonomy of the onnetion δe on the normal
bundle and the global trivializability of NS imply the existene of a globally
dened orthonormal δe-onstant frame eld {ta, va} with future pointing and
timelike ta. Then e.g. GAA′ :=
√
2tAA′ is a desired positive denite Hermitian
salar produt on the spinor bundle.
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